Abstract The pre-impact gas cushioning behaviour of a droplet approaching touchdown onto a thin layer of porous substrate is investigated. Although the model is applicable to droplet impacts with any porous substrate of limited height, a thin layer of porous medium is used as an idealized approximation of a regular array of pillars, which are frequently used to produced superhydrophobic and superhydrophilic textured surface. Bubble entrainment is predicted across a range of permeabilities and substrate heights, as a result of a gas pressure build-up in the viscous-gas squeeze film decelerating the droplet free-surface immediately below the centre of the droplet. For a droplet of water of radius 1 mm and impact approach speed 0.5 m s −1 the change from a flat rigid impermeable plate to a porous substrate of height 5 µm and permeability 2.5 µm 2 reduces the initial horizontal extent of the trapped air pocket by 48%, as the porous substrate provides additional pathways through which the gas can escape. Further increases in either the substrate permeability or substrate height can entirely eliminate the formation of a trapped gas pocket in the initial touchdown phase, with the droplet then initially hitting the top surface of the porous media at a single point.
: A sketch of a liquid droplet approaching touchdown with a porous layer (left) and an idealized sample array of rectangular pillars as might be found on a textured superhydrophobic surface (right). figure 1. Away from impact, the undisturbed droplet free-surfacef , at horizontal positionx and timet, is given byf = ± R 2 −x 2 + R +Ut.
(
The liquid in the droplet is assumed to be incompressible and therefore the liquid velocitiesũ u u l = (ũ l ,ṽ l ) in thex-direction parallel to the substrate interface and theỹ-direction perpendicular to the substrate interface are governed by the Navier-Stokes equations in the form∇ Here a subscript l denotes a property of the liquid,p l is the liquid pressure, ρ l is the liquid density, µ l is the dynamic viscosity of the liquid and∇ = ∂ ∂x , ∂ ∂ỹ . If the ambient gas pressure p 0 is such that
where µ g is the dynamic viscosity of the gas, then the gas is also incompressible to leading order [28, 16] and is governed by the incompressible Navier-Stokes equations ∇ ·ũ u u g = 0,
∂ũ u u g ∂t +ũ u u g ·∇ũ u u g = − where a subscript g denotes a property of the gas phase, while the meaning of the other variables matches that in the liquid droplet. For a water droplet of radius R = 1 mm in air at atmospheric pressure, condition (3) gives a maximum impact velocity for incompressible gas behaviour U 1.53 m s −1 . If the impact velocity approaches or moderately exceeds this value, then gas compressibility effects are significant at leading order and a modified viscous lubrication equation and coupled energy conservation equation are required [17] . Given the typically low impact speeds considered here, the relatively moderate changes that compressibility induces (see [17] or [25] ), and the reduced gas pressures found for porous substrates, compressibility is neglected in the current study.
It shall subsequently be shown that the gas film behaviour is dominated by viscous effects. In the substrate gas flows more slowly than in the gas film and consequently inertial effects can be neglected here also. Assuming the porous medium to be isotropic, then incompressible Darcy flow in the substrate satisfies ∇ ·ũ u u s = 0, andũ u u s = − K µ g∇p s , (5a,b) where a subscript s denotes a property of the gas in the pore spaces of the substrate or of the substrate itself.
At the interface between the liquid droplet and the gas filmỹ =f (x,t), the kinematic boundary condition and the normal stress balance, imply ρ h (ũ u u g −ũ u u i ) ·n n n =ρ l (ũ u u l −ũ u u i ) ·n n n (6a) n n n · T g −T l ·n n n =σfxx
whereũ u u i is the velocity of the interface,n n n is a unit normal vector pointing into the droplet,σ is the surface tension coefficient on the liquid-gas interface and the stress tensorT = −pI + µ ∇ũ u u + ∇ũ u u T . Atỹ = 0, the interface between the gas film and the porous substrate, the normal stress balance and the continuity of normal velocity implies
respectively. The Beavers-Joseph condition [2] 
allows a velocity slip on the interface between the gas and the porous bed. Here α is the Beavers-Joseph coefficient (which depends on the material and pore properties in the boundary region), and the parameter δ = 1 if slip is allowed, while δ = 0 corresponds to no slip. The termsũ g and ∂ũ g /∂ỹ involving the gas velocity are evaluated atỹ = 0+, while there is a thin layer just below the planeỹ = 0 over which the velocity transitions to the substrate velocityũ s [30] . At heightỹ = −h, the base of the porous substrate, a no penetration conditionṽ s = 0 is applied.
Droplet behaviour
The droplet behaviour close to the point of touchdown can be determined in the nondimensional coordinate system (x, y, t) = x εR ,ỹ εR , Ut
where the time scale is taken to be the time required for the droplet to cross a narrow gas film of height ε 2 R assuming no deformation occurs and ε is a small parameter whose value will be determined shortly. Liquid velocities are scaled by the impact velocity U, which gives dimensionless velocities, pressure and free-surface position
Here the pressure is scaled to retain its presence at leading order, while the droplet freesurface is scaled by the height of the narrow gas film which separates the lower droplet free-surface from the porous substrate. For ε 1 and U µ l /ρ l R, the convective acceleration and viscous terms are negligible and the resulting leading-order behaviour of the Navier-Stokes equations (2) is given by the linearized Euler equations:
The leading-order behaviour from the kinematic boundary condition gives
and therefore following the Green's function approach of Wilson [44] or the complex variable method of Smith et al. [35] , the liquid pressure on the droplet free-surface and the free-surface position are related by
Away from the region of interaction with the gas film (i.e. for |x| → ∞ and t → −∞), the droplet free-surface and pressure are given by f ∼ x 2 2 − t, and p → 0, (14a,b) respectively.
Gas film behaviour
The behaviour of the gas close to the point of touchdown is now investigated. This also occupies a region of horizontal extent εR. However, the pressure build-up in the gas only starts to interact with the droplet free-surface once the vertical extent of the gas film has closed to ε 2 R [35] , which motives the definition of dimensionless variables
in the gas film. The gas pressure scale must match the liquid pressure scale in order to generate a response in the liquid from the gas pressure build-up, while horizontal gas velocity must be an order of ε larger than the vertical gas velocity given the disparate length scales in (15) , in order to conserve gas mass. Therefore
If ρ g /ρ l ε and the small parameter ε is defined to be
in order to balance the pressure gradient with the largest viscous term in the horizontal momentum conservation, then the leading-order behaviour of the Navier-Stokes equations in the gas (4) is given by
Here (18c), corresponding to conservation of vertical momentum, implies p g = p g (x, t). Several authors have expressed the small parameter ε in terms of the Stokes number, St = µ g /ρ l UR and hence ε = St 1/3 [28, 3] . The disparate horizontal velocity scales in the liquid droplet and the gas film result in the no-slip and no-penetration boundary conditions
while the normal stress balance at the droplet-gas interface implies
where the reciprocal of the reduced Weber number σ = εσ /(ρ l U 2 R). For the air-water interface of a droplet of radius R = 1 mm and impact approach speed U = 0.5 m s −1 ; σ = 0.01, indicating surface tension is an unimportant effect for the majority of the free-surface evolution, except perhaps immediately prior to touchdown when the free-surface curvature increases and attempts to form a cusp at the instant of touchdown (refer to the free-surface profiles of Purvis and Smith [31] and §5 herein as touchdown approaches). Surface tension will be neglected until §5, to enable cushioning to be investigated in the absence of surface tension. With this simplification p(x, t) ≡ p g (x, t) = p l (x, 0, t) will be used to denote the common pressure across the gas film and on the droplet free-surface f = f (x, t).
Gas behaviour in the substrate
The porous substrate is envisaged as an approximation of a regular array of closely spaced vertical pillars as shown in figure 1 (right). Regular arrays of vertical pillars are commonly used in experiments in order to generate superhydrophobic surfaces [1, 24, 27, 42] . For the experiments of Maitra et al. [26] in which entrapped gas bubbles are observed in the substrate, the height of the pillars forming the substrateh is of the order of 10 µm.
To couple the gas film behaviour to the flow in the porous substrate, a substrate heighth = ε 2 Rh, for a non-dimensional substrate height h = O(1), is assumed. This restricts interest to cases where the substrate height is of equal size to the gas film height at the onset of cushioning. For substrate pillars of 10 µm and a water droplet in air, if the radius of the droplet R = 1 mm and impact speed U = 0.5 m s −1 , then this gives a non-dimensional substrate height h = 8.96, which suggests the chosen non-dimensionalization of the substrate height is appropriate for modelling the experiments of Maitra et al. [26] . However, there are many practical examples, such as droplets landing on soil, where the height of the porous substrate is much greater than this. Models appropriate for thicker substrates are briefly discussed in §6, but a full analysis of these cases is beyond the scope of this paper.
The vertical length scale in the substrate is chosen to match the substrate height, while the horizontal length scale matches that in the gas film and liquid droplet. Hence nondimensional length and time scales
can be defined. Of particular interest is the O(εR) horizontal length scale associated with the porous media and the gas-cushioning interactions, which for a water droplet of radius 1 mm impacting at 0.5 m s −1 is a distance of 33 µm. The vertical pillars in the substrates used by Maitra et al. [27] are have horizontal separation of 4.5 µm and therefore there are 7 pillars per unit non-dimensional horizontal length. This is on the lower limit of the acceptable number of pillars to considered the substrate as a porous medium. However, as there is significant interest in substrates with much more finely spaced pillars, the assumption that the substrate is a porous medium will be used as a first step in modelling this complex phenomena. It is also noted that larger and slower droplets will also improve the porous media approximation. For air-cushioned impacts between a droplet and an impermeable flat plate a cusp develops in the free surface, which touches down at a single point [35] . If touchdown at a single point is observed in impacts with porous substrates, then on a horizontal length scale local to the touchdown point, the free surface will hit either a pillar or an interstitial void. Hence if touchdown at a point is observed with a porous substrate, then for some region about the touchdown point it is inappropriate to consider the substrate as a porous media. However, for the larger scale dynamics of bubble development and entrainment, treating the substrate as a porous medium can be justified. An alternative approach, which models the larger pillars as individual roughness elements in gas cushioned impacts is described in §4, extending the approach of Hicks and Purvis [15] who considered individual roughness elements in isolation. Surface roughness has also been considered as an extension to Wagner impact theory for droplet impacts in a passive gas phase [11] .
In order to conserve mass in the substrate, velocity scales separated by a factor of ε are required, while the pressure induced in the substrate must match that in both the gas film and the liquid droplet, and therefore the non-dimensional substrate velocities and pressure can be expressed as
With the definition of these non-dimensional variables, the gas motion in the substrate is governed by
while at y = 0 the normal stress balance gives p s (x, 0, t) = p g (x, t), and the continuity of normal velocity gives v g (x, 0, t) = v s (x, 0, t). At the interface the scaled Beaver-Joseph condition (8) gives
2.4 Coupled droplet, gas film and substrate flow behaviour
In order to couple the gas film and liquid droplet to the gas flow in the porous substrate, an effective permeability
is defined. For a water droplet of radius R = 1 mm in air with impact speed U = 0.5 m s −1 , an actual substrate permeability K = 10 µm 2 , (which is characteristic of a range of porous media), corresponds to an effective permeability k = 8. With this effective permeability defined, the Darcy flow velocities are
while the pressure satisfies
If k 1 or ε −2 k 1, then to leading order the substrate is impermeable to flow in the x or y direction, respectively. For k 1, this produces a condition on the impact velocity
below which the substrate appears impermeable in the horizontal direction to leading order. The second condition ε −2 k 1, leads to a maximum velocity
below which there is no vertical gas penetration to leading order, and the impermeable models in [35, 15] still apply. For a water droplet of radius R = 1 mm in air, which impacts a substrate of permeability K = 10 µm 2 , the horizontal permeability condition gives the impact velocity condition U 0.1 m s −1 , while the vertical permeability condition gives the impact velocity condition U 0.006 m s −1 and therefore for impact speeds equal to or greater than this substrate permeability is expected to play a significant role.
In terms of the effective permeability the Beavers-Joseph condition (24) has the form
There is very limited experimental evidence supporting the use of the Beavers-Joseph condition on length scales that are as small as those found in the current application. However, the Beavers-Joseph coefficient α takes O(1) values across the limited available experimental parameter regimes. However, further experimental evidence is required to assess its suitability as a boundary condition over the very small length scales considered herein. Saffman [34] showed that the dimensional Beavers-Joseph boundary condition (8) has the form
whereũ s in (8) is O(K) and can be neglected at leading order for K small. This expression suggests a hierarchy of possible boundary conditions in which first flow in substrate, and then additionally velocity shear in the gas as neglected to leave the no-slip boundary conditionũ g = 0 as the simplest possible boundary condition. The effect of this hierarchy of boundary conditions on pre-impact gas cushioning will be investigated further in $A. However, the non-dimensional Beavers-Joseph equation (30) will be adopted here. Following the approach developed by Knox et al. [21] for the coupled squeeze film and porous substrate flow driven by an approaching flat plate, the pressure in the substrate is expanded as
where the leading-order gas pressure in the substrate matches that in the gas film because of the normal stress balance at the surface of the substrate. From (27) and the no-penetration condition at y = −h, the correction to substrate pressure P(x, y, t) satisfies
In particular the Darcy velocities on the substrate interface are
Integrating in the horizontal momentum equation in the gas film (18b) and applying the Beavers-Joseph condition (30) gives a horizontal gas velocity
after substituting for the horizontal Darcy velocity at the surface of the substrate. Now integrating the gas mass conservation equation across the gas film gives
when the vertical Darcy velocity is included. Using the normal stress balance (20) , a system of equations for f (x, t) and p(x, t) is completed by the boundary integral (13), which reads
Equations (36) and (37) Pressure, p
The evolution of the droplet free-surface (top) and the gas film pressure (bottom) for gas cushioned impacts for (a) k = 0 (an impermeable flat plate), (b) k = 8 and (c) k = 16. In all cases h = 5, α = 1 and δ = 1. Profiles are shown at non-dimensional integer time increments, except for the final profile which is shown at touchdown. Dotted lines correspond to times at or before t = 0 (the touchdown time in a vacuum), while solid lines correspond to positive delayed touchdown time increments. yields a simplified equation relating the free-surface shape f and the pressure p. We discretise (36) using implicit finite differences, which enables the pressure to be calculated from a known free-surface shape. An iteration is then performed between these two equations; convergence of the solution to within 10 −6 typically takes a limited number of iterations. This method offers a considerable saving in simulation time over previous work [15, 16] that discretised (37) , particularly when surface tension is included.
3 Cushioned impact with a porous substrate of shallow height Figure 2 shows the free-surface evolution (top) and the corresponding pressures (bottom) for h = 3, α = 1, δ = 1 and a range of values of effective permeability k. In 2(a) the case corresponding to k = 0, an impermeable flat plate is shown. The behaviour here matches exactly that observed above a smooth flat impermeable plate, which is to be expected as the squeeze film equation (37) . In this case there is an initial pressure build-up underneath the descending droplet causing the descending droplet free-surface to decelerate. Eventually the decelerated droplet free-surface directly below the centre of the droplet is overtaken by the surrounding free surface, with the pressure profiles similarly bifurcating to produce maxima where the separation between free surface and substrate are least. Touchdown then goes on to occur around a ring some horizontal distance away from the point directly below the centre of an air bubble, leading to a trapped pocket of gas, which subsequently may evolve to form a bubble, as observed in experiments [4, 6, 38] . In a vacuum, the initial touchdown would occur at time t = 0. However, with gas cushioning the profiles at t = 0 (denoted by a thick dashed line), have yet reach touchdown due to the deceleration of the droplet free surface and therefore with gas cushioning present the touchdown is delayed.
The evolution of the droplet free-surface and the pressure for increasing values of k are shown in figure 2(b) and (c). In figure 2(b) , the effective permeability k = 0.5, which provides additional pathways through which the gas can escape from beneath the droplet. This results in a lower gas pressure build-up, a less decelerated droplet free-surface and ultimately a smaller pocket of gas is trapped. This gas pocket is still connected to the far field via pathways through the porous substrate. For a further increase to k = 4 in figure 2(c), a small bubble is still trapped, but at the instant of touchdown the pressure profiles have yet to bifurcate and one global maximum remains. Further increases in k produce cases where there is no trapped bubble, with touchdown occurring at a single point below the centre of the droplet. The maximum calculated pressure, found as touchdown is reached, against permeability is shown in figure 3 for various porous layer depths. The maximum pressure can be seen to decrease with increasing permeability. The minimum rate of the pressure decrease with permeability coincides with the onset of bifurcated pressure profiles, with higher rates of pressure change observed for both large and smaller k.
The free-surface profiles for k > 0 actually reach touchdown, while for the impermeable plate case the numerical solution of the parabolic equation (38) fails to converge just prior to touchdown. Numerical convergence is harder to achieve for the flat plate case as the pressures and pressure gradients just before touchdown are larger than their counterparts with a permeable substrate. Related to this, the gas film equation for a flat plate (38) is parabolically degenerate, as the diffusion coefficient tends to zero for f small. For a permeable substrate, this is regularized by any non-zero product kh in (36) , with the behaviour for f small being given by the parabolic equation
This makes it easier for the droplet free-surface to touchdown on a porous substrate. However, in order to apply (36) right up to the instant of touchdown, the length scale over which the substrate can be legitimately assumed to be a porous medium needs to be much smaller than the contact region.
The maximum horizontal gas velocity is obtained in the gas film at a height
which is slightly below the channel centre line as a result of the horizontal slip velocity at the substrate surface. The maximum horizontal gas velocity
is shown if figure 4 (top) for the same cases shown in figure 2. For t < 0 the horizontal gas velocities are positive for all x > 0 as gas is forced out horizontally, away from the path of the approaching droplet. In figure 2(c) a small bubble is trapped, but there is no bifurcation of the pressure, and consequently in figure 4(c) gas is still driven out horizontally from beneath the droplet right up to the instant of touchdown as a result of the monotonically decreasing pressures for x > 0. As the effective permeability is decreased in 4(a) and (b), the pressure profiles bifurcate and have two maxima. For positive x values less than the location of the pressure maxima, the horizontal gas velocities are negative and (driven by the pressure gradient), gas is flows towards the centre of the bubble. For x values greater the location of the pressure maxima, the gas is still forced horizontally outwards away from the oncoming droplet. The vertical gas velocity as it exits the substrate is given by (34b), and takes positive (negative) values when gas is exiting (entering) the substrate from the gas film. The substrate exit velocity is shown in figure 4 (bottom) for the same parameter cases as are shown in figure 2 . As expected for the impermeable flat plate k = 0 shown in 4(a), there is no gas penetration into the substrate. As the effective permeability increases in figures 4(b) and (c), there is a flow of gas into and out of the substrate. Initially (for t < 0), gas enters the substrate below the centre of the droplet, driven by the approaching droplet. At horizontal distances larger than that corresponding to the inflection point in p, gas passes from the substrate back into the gas film, in order to conserve the total mass of gas in the substrate. For t 2 in figure 4 (b) gas exits the substrate immediately below the centre of the droplet. The acts to increase the volume of the gas pocket trapped in this region.
From the gas film non-dimensionalization (15) and (16), in two spatial dimensions the dimensional horizontal extentx p and characteristic vertical heightf p of the gas pocket are given byx
respectively. Here the non-dimensional prefactors x p and f p can be determined from the free-surface profiles at touchdown. From these formulae it is evident that both the horizontal extent and vertical height of the trapped gas pocket increases with increases in R, as the droplet has a greater free surface to interact with the gas cushion, and decreases as the impact speed U increases, as there is less time for the free surface to respond prior to impact. In impacts with rigid impermeable solids the prefactors x p and f p are constant. However, with a porous substrate these quantities become functions of the substrate parameters k, h, α and δ . The dependence of the prefactor x p on the effective permeability k and effective porous substrate height h is shown in figure 5 (a). Increases in either k or h reduce the horizontal extent of the trapped bubble, with the largest bubbles being trapped by an impermeable flat plate. The thick black line shown in figure 5(a) is the curve x p = 0, which physically corresponds to the transition between cases which do and do not trap a gas pocket. Above this line the droplet free-surface will not decelerated sufficiently prior to touchdown to cause the bifurcations and multiple free-surface minima. In this case touchdown will occur at a single point immediately below the centre of the droplet.
In axisymmetry equation (42a) would give the dependence of the initial radius of the gas pocket on R and U, although numerical calculations show that the appropriate nondimensional prefactor differs considerably from that calculated in two dimensions. The dependence of the initial gas pocket radius upon R, U and the non-dimensional prefactor has been corroborated experimentally in axisymmetric impacts of an impermeable solid body with an initially undisturbed liquid free-surface [14] . The two-dimensional bubble areaÃ p , and axisymmetric bubble volumeṼ p , can thus be obtained as the product of the horizontal and vertical length scales:
The dependence of A p upon k and h is illustrated in figure 5(b) and mirrors the dependence seen with the behaviour of x p . Again the thick line marks the transition to cases not forming a trapped gas pocket. From (15), the time delay until touchdown is given bỹ
again indicating the length of the delay is increased with droplet radius R and decreased with impact speed U. For a porous substrate the non-dimensional prefactor t p depends upon k and h and this dependence is shown in figure 5 (c). For the majority of the parameter regime shown the time delay before touchdown is decreased by increasing either k or h, as the obstructions preventing gas penetrating the substrate fall as k and h increase. However, there is a small region for h ≈ 0.75 in which increases in substrate height actually lead to increased delays in the touchdown time. This may be of interest when optimizing the superhydrophobic properties of substrate. However further investigation with numerical calculations in axisymmetry and experiments are required to investigate this region further. Figure 2 showed that the gas pressures are reduced as the substrate effective permeability increases giving additional pathways through which the gas can escape. The nondimensional impact load
which is related to the dimensional impact loadL p = ρ l U 2 RL p , is shown in figure 5 (d) for a range of different values of k and h. This figure shows that the pre-impact load factor L p is decreased by increases in either k or h, as a consequence of lower induced gas pressures. Consequently if droplets of equal size and impact speed hit an impermeable and a permeable substrate, then the permeable substrate experiences a lower load, a property which may be of use when producing long lasting coatings for surfaces.
To summarize the results of this section the pre-impact cushioning behaviour of a twodimensional droplet of water of radius R = 1 mm and impact approach speed U = 0.5 m s −1 in air is considered. For a flat rigid impermeable plate the prefactors x p = 4.55 and A p = 18.76, indicate that the initial horizontal extent and area of the trapped bubble arex p = 152 µm andÃ p = 700 µm 2 , respectively. If the same droplet impacts a shallow porous layer of permeability K = 2.5 µm 2 and heighth = 5 µm, then the corresponding initial horizontal extent and area of the trapped bubble arex p = 79 µm andÃ p = 71 µm 2 , respectively. This is a 48% reduction in the horizontal extent of the initial trapped bubble radius, while further increases in substrate permeability or height can eliminate the formation of a trapped bubble entirely. 
Cushioned impact with a textured surface
To assess how an array of larger pillars may effect the pre-impact cushioning behaviour, the assumption that the substrate is a shallow porous medium is temporarily abandoned and a lower surface of the gas cushion s(x), which incorporates multiple roughness elements is used. This extends the previous analysis of Hicks and Purvis [15] , who investigated individual roughness elements in three-dimensional gas-cushioned droplet impacts. When no-slip and no-penetration conditions u g = v g = 0 are applied on the surface s(x) of a rough substrate, the lubrication (36) is modified to become
A substrate roughness
is used, which gives a periodic array of indentations to the surface y = 0 constructed from hyperbolic tangent functions. Here h r is the height of the surface indentations while the horizontal extent and slope can be modified by changing a r and k r respectively. Within our long wave formulation of the gas cushioning, combinations of step functions cannot be used and hence true pillars cannot be represented. Numerical solutions of (46-47) and the usual integral equation for the droplet freesurface (37) are shown in figure 6 for (a) h r = 1/2, a r = 1/2 and k r = 12, (b) h r = 1/2, a r = 1 and k r = 12, and (c) h r = 1, a r = 1 and k r = 12. Direct quantitative comparisons with the earlier results for a porous substrate are difficult because the porous substrate formulation relies on the substrate permeability, while only the void fraction is readily available with this formulation involving surface roughness. In this two dimensional formulation of substrate roughness, no mechanism exists for gas to pass from one indentation to the next without passing through y = 0 and then over the top of a roughness element. This is not the case in the porous substrate or the three-dimensional array of pillars shown in figure 1 (right), where gas can move laterally between adjacent pillars.
When compared to figure 2(a) , the free-surface profiles and to a lesser extent the pressure profiles with surface roughness show significant variation at horizontal distances at which surface height varies. The variations in droplet profiles are evident even for times t > −3, indicating that individual roughness elements start to effect the droplet profile significantly before touchdown occurs. This indicates that roughness elements are required to have a characteristic horizontal length scale that is much smaller than that of the roughness elements shown here, in order to legitimately consider the substrate as a porous medium.
Cushioned impact with a porous substrate of shallow height and surface tension
With surface tension included the droplet free-surface evolution integral equation (13) is given by [31] 
This modified integral equation is stiff and direct calculation of the free-surface acceleration requires an impractically small time step. To overcome this, the pressure and the deviation of the liquid free-surface from the undeformed free-surface position x 2 /2 −t, is obtained via a periodic complex Fourier series expansion. Further details of the numerical procedure are given in §B. Figure 7 shows a range of gas-cushioned droplet impacts with a permeable substrates with k = 0.5, h = 3, α = 1 and δ = 1 in which surface tension is included, while figure 8 shows the equivalent droplet impacts with an impermeable flat plate. In both figures, profiles are shown for (a) σ = 0.01, (b) σ = 0.1, and (c) σ = 1. For a water droplet of radius R = 1 mm and velocity U = 0.5 m s −1 impacting a porous substrate cushioned by air, σ = 0.01 and for this case, the profiles in figure 7(a) match very closely those shown in figure 2(b) , indicating the effect of surface tension is insignificant in this regime. The differences between the cases σ = 0 and σ = 0.01 is reduced when the droplets hit a permeable substrate than when the droplets hit a flat impermeable plate (see figures 8(a) and 2(a)), although good agreement is still obtained with a flat plate. This is because the droplet freesurface does not form a cusp in an impact with a porous substrate and hence the curvature term in (48) is less significant. This is also evident in the corresponding profiles of the freesurface curvature.
As the value of σ increases, droplets hitting a porous substrate continue to reach touchdown. This is in marked contrast to earlier predictions [31, 28] and the droplet profiles shown 0 1 2 3 4 5 6 7 8 9 Distance, x 0 1 2 3 4 5 6 7 8 9 Distance, x in figure 8 , for impacts with a flat impermeable plate where touchdown isn't predicted in finite time. With a porous substrate and moderate surface tension, there is less evidence of capillary waves on the droplet free-surface at touchdown, which can be clearly observed in impacts with a flat plate (see the free-surface curvature).
For σ = 1 the surface tension is so strong that the droplet fails to deform significantly prior to touchdown with the porous substrate, as indicated by both the lack of trapped gas bubble and the small range of the free-surface curvature values. In this case touchdown occurs at an earlier time instant than both in impacts with a porous substrate and lower surface tension levels, or in impacts with a flat plate at an equivalent surface tension level. This leads to the counter intuitive conclusion that a textured substrate, which is perhaps Pressure, p Distance, x constructed to have super-hydrophobic properties, and a surfactant laden droplet free-surface can actually act together to promote initial droplet touchdown.
The non-monotonic dependency of the time to touchdown upon σ shown in figure 7 is due to a transition from a regime in which the droplet inertia dominates deformation to a regime in which surface tension dominates. To complete the analysis of section 3, the dimensions of a trapped gas pockets on the impact parameters in the surface tension dominated regime can be predicted, with the analysis for a porous substrate following the analysis of Bouwhuis et al. [3] for a flat impermeable plate. For surface tension dominated droplet deformation, the largest viscous term in the horizontal gas momentum equation (18b) is balanced by the horizontal derivative of the capillary pressure, as a result of the normal stress balance (6b), rather than the horizontal derivative of the liquid pressure. Using the gas non-dimensionalization (15) (16) this implies
where the revised small parameter
is obtained by balancing these terms. The small parameter ε c can also be expressed in terms of the capillary number, defined with the gas viscosity, Ca = µ g U/σ and hence ε c = Ca 1/4 [3] . From the gas non-dimensionalization (15-16) scaling laws for the horizontal extent and vertical height of the gas pocket
are obtained for the surface tension dominated regime. As before, for impacts with permeable substrates, the prefactors x p,c and f p,c are functions of the substrate properties, although these are expected to differ from those obtained in section 3. The corresponding results for the bubble area in two-dimensional flows and the bubble volume in three-dimensions are thusÃ
while the delay in touchdown is
Again the prefactors A p,c , V p,c and t p,c are functions of the substrate parameters. The predictions for the horizontal extent of the bubble (51a) and the bubble volume (52b) have been experimentally verified for droplet impacts with a flat impermeable plate [3] . For surface tension dominated droplet deformations it is notable that the predicted bubble dimensions and volume increase with impact velocity U, in contrast to the earlier predictions in the inertia dominated droplet deformation regime where the gas bubble volume decreased with U.
The surface tension dominated regime is associated with smaller and slower droplets than discussed previously, where the ability of surface tension to retain a spherical droplet is greater. As the speed increases the transition from capillary dominated deformation to droplet inertia dominated droplet deformation occurs when the gas pressure, the liquid pressure and the capillary pressure have equal magnitude in the normal stress balance (6b). This occurs when ε ∼ ε c and hence while a porous substrate will decrease all bubble volumes compared to a flat impermeable plate, the impact velocity associated with the maximum gas bubble volume of Bouwhuis et al.
is unchanged by the presence of a thin porous substrate.
Discussion and future work
Novel models describing the pre-impact gas cushioning of droplets approaching impact with a thin layer of porous media bounded below by an impermeable base have been created and analyzed via the numerical solution of a system of coupled integro-differential equations. The thin layer of porous media is an idealized description of a dense array of regular pillars as often found in in droplet impacts with superhydrophobic and superhydrophilic textured surfaces. The model developed is equally applicable in any other situation where a droplet impacts a layer of porous media of height O ε 2 R .
To complement the results of this study, further experimental investigation is also required to accurately determine the permeabilities of substrates formed of regular arrays of pillars, which would enable further quantitative comparisons of experimental and calculated bubble volumes. The current study is limited to porous substrates of small height and a restricted permeability range. For higher permeability substrates further analysis is required, perhaps replacing the Stokes flow in the gas film and the Darcy flow in the substrate, with a single gas domain Darcy-Brinkman formulation throughout. The Darcy-Brinkman formulation has successfully been applied to model the flow at the interface between a pure fluid and a porous media [22, 29] , while within the Darcy-Brinkman formulation the empirical Beavers-Joseph coefficient is also eliminated, although another empirical coefficient, the effective viscosity, is introduced. The single gas domain Darcy-Brinkman formulation may also allow the free-surface evolution to be predicted after the initial touchdown on the top surface of the substrate as it moves into the porous substrate. In any case further experimental work is required to validate either the Beavers-Joseph model or the alternative Darcy-Brinkman formulation in gas flows occurring at the small length scales of interest here.
For substrates of greater depth, two additional regimes are present, which are also worthy of further investigation. For substrate heightsh ε 2 R, the analysis of the substrate flow based upon disparate horizontal and vertical length scale is no longer appropriate. In this regime the leading-order substrate pressure satisfies Laplace's equation. In two-dimensional substrates of heighth ∼ εR, complex variable methods and an integration contour integration which takes in the top surface of the porous media and its impermeable base can be used to determine the infiltration velocity of gas into the substrate, which is required in the gas squeeze film equation. For substrate heightsh εR, the leading-order gas cushioning is no-longer influenced by the impermeable base of the substrate. The porous substrate height O(εR) marking the limit of the regime in which the impermeable base effects the leading-order gas cushioning is the same height as previously determined for a liquid layer coating an impermeable base [16] . Finally, through extensions of the analysis of Hicks and Purvis [15] , three-dimensional cushioned impacts with anisotropic substrates could be investigated. As a result of variations in the two in-plane substrate effective permeabilities, situations are envisaged where splashing may be promoted in one direction and not the other. respectively, while the boundary integral (13) and the initial and far-field conditions remain unchanged.
Comparative results for these alternative boundary conditions are presented in figure 9 alongside the full Beavers-Joseph condition for the case k = 4 and h = 3. The full Beavers-Joseph condition (shown in figure 9(a) ), results in a smaller pocket of trapped gas compared to the other two boundary conditions, this is because this case has the greatest amount of gas velocity slip at the substrate interface and so so the gas is more able to escape from beneath the oncoming droplet. The trapped gas pocket in figure 9 (c) where α → ∞, δ = 0 is the largest gas pocket of the three, as this boundary condition corresponds to no-slip for the gas on the substrate surface and hence the gas is less able to escape from underneath the oncoming droplet. The variations between the different forms of the boundary condition diminish as the value of k falls. In cases where the substrate permeability is well known, a detailed comparison of the radius of the air pocket both experimentally and using the models described herein, would enable an accurate determination of the parameters in the Beavers-Joseph condition.
An extension to the Beavers-Joseph boundary condition (8) due to Jones [19] 
is often applied to non-parallel flows where (as herein)ṽ(x, 0, t) = 0. This formula, which has never been explicitly verified experimentally [30] , includes shear stress instead of just velocity shear. However, because of the disparate length and velocity scales (15) (16) in the gas film, the second term on the left-hand side is O ε 2 smaller than the first term. Consequently if this extra term was included in the analysis, then it would be neglected at leading order leaving the Beavers-Joseph condition (8) as used.
B Numerical solution of the free-surface integral with surface tension
The gas pressure and the deviation of the droplet free-surface from its undisturbed position are expressed as complex Fourier series
f (x, t) − x 2 2
where the Fourier coefficients are given by
Here the droplet free-surface repeats with period 2L, although by choosing a spatial domain −L < x < L and L suitably large, edge effects are negligible. The deviation of the droplet free-surface from its undisturbed position is approximated by the Fourier series rather than the free-surface position itself in order to increase the smoothness of the Fourier series at x = ±L.
The integral
is the Hilbert transform of some function g(x). Consequently upon substituting the Fourier series (57) into the integral equation (48)
Using properties of the Hilbert transform [20] H exp inπx
and hence upon collecting coefficients of matching exponential terms, the Fourier coefficients are related through
The Fourier series (57) are truncated and sufficient terms are retained to achieve convergence. Given a pressure profile p g (x, t), the Fourier pressure coefficients are obtained by means of a Fast Fourier Transform. Subsequently (61) can be discretized in time and used to calculate the evolution the corresponding freesurface Fourier coefficients, which (using an inverse Fast Fourier Transform), allow the free-surface profile to be recovered.
